Abstract. Moduli spaces of polarised (with fixed polarisation type) irreducible holomorphic symplectic manifolds deformation equivalent to Hilbert schemes of points on K3 surfaces are not connected in general. This is the content of [Apo14], which used Markman's results on the monodromy group to count the number of such connected components. The goal of this paper is to extend Apostolov's result to the case of irreducible holomorphic symplectic manifolds deformation equivalent to generalised Kummer varieties, the main tool being the recent computation of the monodromy group completed by Mongardi ([Mon14]).
Introduction
An irreducible holomorphic symplectic manifold X is a simply connected compact kähler manifold with an everywhere nondegenerate holomorphic 2-form which is unique up to constant. The second integral cohomology group H 2 (X, Z) is a lattice which we abstractly denote by Λ. The moduli space M Λ of marked irreducible holomorphic symplectic manifolds of deformation type Λ is constructed as a coarse and non-Hausdorff moduli space (see e.g. [Huy99] , [Mar11] , [GHS13] ).
If h ∈ Λ is a positive class, we denote byh the O(Λ)-orbit determined by h. The moduli space Vh of manifolds with polarisation typeh is constructed by Viehweg ([Vie95] ) as a quasi-projective variety. We prefer to see it as an analytic variety, where a point in Vh is a pair (X, H) such that H ∈ Pic(X) is ample and η(c 1 (H)) ∈h for some marking η : H 2 (X, Z) → Λ (cf. [GHS10] , [Mar11] , [GHS13] ). With an abuse of notation, in the rest of the paper we will refer to a polarised manifold as a pair (X, h) where h ∈ NS(X) ⊂ H 2 (X, Z) is intended to be the first Chern class of an ample line bundle.
The moduli space V Λ of polarised irreducible holomorphic symplectic manifolds is then the disjoint union of Vh, ash ⊂ Λ runs through all the polarisation types. In order to count the number of connected components of V Λ , it is enough to count the number of connected components of Vh. As an example we can consider the two-dimensional case, where Vh is connected. In higher dimension, Apostolov shows in [Apo14] that, for manifolds of K3
[n] -type, Vh has several connected components in general and their number tends to be larger and larger according to the dimension and the values of the degree and the divisibility of the polarisation type. In this note we recover all the statements in Apostolov's paper for manifolds of Kum
[n] -type. Since the Néron-Severi group of an irreducible holomorphic symplectic manifold is torsion free, we can work with primitively polarised manifolds without loss of generality. In particular, with an abuse of notation, we still call V Λ the moduli space of primitively polarised manifolds and we always work with it.
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Notations. Let n ≥ 2. A manifold of Kum
[n] -type is an irreducible holomorphic symplectic manifold deformation equivalent to a generalised Kummer variety Kum
[n] (A). In this case the second integral cohomology group H 2 (X, Z) is isometric to the abstract lattice Λ n = 3U ⊕ −2 − 2n , where U is the unimodular hyperbolic plane and −2 − 2n is the rank 1 lattice generated by an element of length −2 − 2n ( [Bea83] ). We use the short notation V n := V Λn for the moduli space of polarised manifolds of Kum
[n] -type and indicate with Υ n the set of its connected components.
Parallel transport operators
Definition 1.1.
(1) An isomorphism g :
is called a parallel transport operator if there exists a family π : X → B of deformations, points b 1 , b 2 ∈ B with isomorphisms ψ 1 : X b1 ∼ = X 1 and ψ 2 : X b2 ∼ = X 2 and a path γ in B from b 1 to b 2 such that the parallel transport along γ in the local system R 2 π * Z induces the isometry
(2) A parallel transport operator from H 2 (X, Z) to itself is called a monodromy operator and we denote by Mon 2 (X) the group of such isometries. (3) A parallel transport operator g :
(1) The group operation on Mon 2 (X) is the usual composition. In fact if f, g ∈ Mon 2 (X), pick two deformation families X → B and 
We say that an isometry g :
is orientation preserving if the induced map between the big cones sends the preferred orientation of the first to the preferred orientation of the second. By definition a parallel transport operator is always orientation preserving.
From now on X will always be a manifold of Kum
[n] -type. Let O + (H 2 (X, Z)) be the group of orientation preserving isometries and define the subgroup
In particular Mon 2 (X) is an index two subgroup of W (X) and, with an abuse of notation, we will indicate with τ X any element in W (X) which is not a monodromy operator.
Put Λ = 4U and consider the set O(Λ n , Λ) of isometric primitive embeddings of Λ n inside Λ.
is an Albanese fibre of a moduli space of sheaves on an abelian surface A, we have an isometric primitive embedding i v : 
We now recall the definition of this orbit, skipping the details. Let X be deformation equivalent to K v (A) and pick a parallel transport operator h :
. It is not difficult to check that this orbit is Mon 2 (X)-invariant and that it is independent of the choice of the parallel transport operator. More subtle is the independence of the choice of the moduli space K v (A), which relies on results of Yoshioka in [Yos01] (cf. [Wie16] for details). (
Proof. The first part is a direct consequence of Proposition 1.4. In fact, pick a moduli space K v (A) and two parallel transport operators
1 is a monodromy operator by assumption and by Proposition (K v (A) ). The last group can be identified with the group of isometries of H 2 (K v (A), Z) which can be extended to Λ (cf.
). An easy computation shows that h • τ X2 • g ∈ Mon 2 (X 1 ) and hence τ X2 • g is a parallel transport operator because it is a composition of parallel transport operators.
Denote by Ξ n the set of connected components of M n = M Λn . Define the map
n . Proposition 1.5 implies that orb is well defined.
Recall from [Mar11, Section 4] that a connected component M ξ n uniquely determines an orientation of the big cone C n = {x ∈ Λ n ⊗ R | (x, x) > 0} and hence there is a well defined map orient: Ξ n → orient(Λ n ), where orient(Λ n ) is the two-points set of possible orientations of C n .
As a corollary of Proposition 1.5 we get the following result.
Proposition 1.6. The map
is 2 : 1. Note that the number of connected components is always a multiple of four. Geometrically, this is because the moduli space of abelian surfaces has four connected components. Example 1.9. The moduli space M 2 has exactly four connected components. More generally, the moduli space M n has four connected components if n + 1 is a power of a prime number. This is the simplest case where the connected components are all induced by the moduli space of abelian surfaces.
Connected components of polarised moduli spaces
Recall from [Mar11, Section 10], that Mon 2 (X) is isomorphic to the group generated by products of reflections ρ u1 · · · ρ u k where (u i , u i ) = −2 for an even number of indices and (u i , u i ) = 2 for the remaining ones. Here (1) The reflection ρ u , with (u, u) = −2, is the operator τ X2 in Proposition 1.5. Nevertheless, by item (3) in Definition 1.1, we need to control where the polarisation is moved to and hence this characterisation of τ X2 is more useful.
(2) For fixed h ∈ H 2 (X, Z), the existence of u ∈ H 2 (X, Z) such that (u, u) = −2 and (h, u) = 0 is assured by the Eichler criterion ([GHS09, Proposition 3.3]).
Following [Apo14] , we now construct a monodromy invariant which translates the problem of counting the number of connected components into a combinatorial one.
Let Σ n be the set of isometry classes of pairs (T, l) where T ⊂Λ is a primitive and positive rank 2 sublattice and l ∈ T is a primitive and positive class such that l ⊥ = 2n + 2 . Two pairs (T, l) and (T ′ , l ′ ) are said to be isometric if there exists an isometry T ∼ = T ′ which takes l to l ′ . For h ∈ H 2 (X, Z) primitive and positive, pick i X ∈ [i X ] and denote by T (X, h) ⊂Λ the rank 2 positive primitive sublattice containing i X (H 2 (X, Z)) ⊥ and i X (h). Note that the class
Denote by I(X) ⊂ H 2 (X, Z) the subset of primitive classes h such that (h, h) > 0 and define the map
Proposition 2.3. There exists a polarised parallel transport operator between two polarised pairs
Proof. The proof is the same as the proof of [Apo14, Proposition 1.6], up to the final step. To conclude we need to use the fact that Mon 2 (X) ⊂ W (X) has index 2 and apply Proposition 2.1.
It follows that f X is a faithful monodromy invariant.
Proposition 2.4. The map f : Υ n → Σ n , which sends υ ∈ Υ n into f X (h) ∈ Σ n for some (X, h) ∈ V υ n , is well defined and injective. Proof. The proof is the same as the proof of [Apo14, Theorem 1.7] using our Proposition 2.3 above instead of [Apo14, Proposition 1.6].
Pick integers d, t > 0 such that t| gcd(2g, 2n+2) and consider the moduli space V d,t n parametrising polarised irreducible holomorphic symplectic manifolds with polarisation types of degree 2d and divisibility t. Recall that the divisibility div(h) of an element h ∈ Λ is the positive generator of the ideal (h, Λ) ⊂ Z. Note that in general the values of d and t do not determine the orbith.
The latter is equivalent to requiring that the discriminant of T (X, h) is 4d(n+ 1)/t 2 . Indeed, by [Apo14, Proposition 2.2], the divisibility of i X (h) is equal to the positive square root of 4d(n + 1)/ discr(T (X, h)), which in [Apo14] is called the index of i X (h) ⊕ 2n + 2 ⊂ T (X, h) (this is not the index in the sense of group theory).
n , the previous remark shows that
Remark 2.6. The set Σ d,t n can be identified with the set of isometries of primitive embeddings j : 2d ֒→ T such that discr(T ) = 4d(n + 1)/t 2 and j( 2d ) ⊥ ∼ = 2n + 2 . Two embeddings j and j It turns out that the cardinality of Σ d,t n is easy to compute using Remark 2.6. In fact the set of embeddings 2d ֒→ T is in bijection with the set of isometry classes of pairs (H, γ) where H ⊂ A 2d is a subgroup of the discriminant group of 2d and γ : H → A 2n+2 is a monomorphism into the discriminant group of 2n + 2 such that the graph Γ γ ⊂ A 2d × A 2n+2 is isotropic. Two pairs (H, γ) and (H ′ , γ ′ ) are said to be isometric if there exist φ ∈ O( 2d ) and ψ ∈ O( 2n + 2 ) such that γ •φ =ψ • γ ′ , whereφ andψ are the induced maps on the discriminant groups (cf. [Nik79, Proposition 1.6.1]). The condition discr(T ) = 4d(n + 1)/t 2 implies that H has order t. Identifying A 2d with Z/2dZ, we can write H = 2d/t and then γ is uniquely determined by the image f (2d/t) = c(2n + 2)/t, where c is coprime with t. The isotropy condition reads then (2.3) 2d t 2 + c 2 (2n + 2) t 2 ≡ 0 (mod 2).
and note that equation (2.3) is equivalent to (2.4)
For an integer l we write φ(l) for the Euler function and ρ(l) for the number of primes in the factorisation of l (cf. Remark 1.8). For w and t 1 as defined above, we write w = w + (t 1 )w − (t 1 ) where w + (t 1 ) is the product of all powers of primes dividing gcd(w, t 1 ). n | is equal to the number of solutions c of equation (2.4) such that gcd(c, t) = 1. This problem was already solved in [GHS10, Proposition 3.6]. As explained in the proof of [Apo14, Proposition 2.1], since we are interested in isometry classes of embeddings we need to divide the numbers obtained in [GHS10] by 2 when t > 2. On the other hand, when t ≤ 2 the graph Γ γ is fixed by the action of O( 2d ) and O( 2n + 2 ) and hence we get the exact number. Example 2.10.
(1) If t = 1, then the polarisation type is determined and the corresponding moduli space is connected.
(2) Let p and q be two (different) odd primes and put t = d = pq and n + 1 = mpq, where gcd(m, pq) = 1 and −m is a quadratic residue mod pq. Then d and t determines the polarisation typeh and the moduli space Vh has two connected components. (3) If gcd(2d, 2n + 2) is square free, then w = 1 (cf. [GHS10, Remark 3.13]). This is the case, for example, when 2n + 2 is square free. 
